Abstract-This paper introduces a single-pixel HyperSpectral (HS) imaging framework based on Fourier Transform Interferometry (FTI). By combining a space-time coding of the light illumination with partial interferometric observations of a collimated light beam (observed by a single pixel), our system benefits from (i) reduced measurement rate and light-exposure of the observed object compared to common (Nyquist) FTI imagers, and (ii) high spectral resolution as desirable in, e.g., Fluorescence Spectroscopy (FS). From the principles of compressive sensing with multilevel sampling, our method leverages the sparsity "in level" of FS data, both in the spectral and the spatial domains. This allows us to optimize the space-time light coding using time-modulated Hadamard patterns. We confirm the effectiveness of our approach by a few numerical experiments.
Introduction
Recently, Fourier Transform Interferometry (FTI) has received a renewed interests for capturing HyperSpectral (HS) data where high spectral resolution is desired, e.g., in Fluorescence Spectroscopy (FS). As shown in Fig. 1 (right) , FTI works on the principle of a Michelson interferometer with a moving mirror [1] . A coherent wide-band beam entering the FTI device is first divided into two beams by a Beam-Splitter (BS). The resulting beams are then reflected back either by a fixed mirror or by the moving mirror, controlling the Optical Path Difference (OPD) of the two beams, and interfere after being recombined by the BS. The resulting beam, or interferogram, is later recorded (in intensity) by an external imaging sensor.
Physical optics shows that the outgoing beam from the FTI, as a function of OPD ξ ∈ R, is the Fourier transform of the entering beam, as a function of wavenumber ν ∈ R, i.e., ξ and ν are (Fourier) dual variables. As an advantage, by enlarging the range of recorded OPD values, the spectral resolution of the reconstructed beam (by applying inverse Fourier transform) is increased. On the other hand, in FS applications, this increase of resolution is limited by the durability of the fluorescent dyes when exposed to illumination. Namely, the illumination of fluorescent dyes fades out as they become over-exposed, i.e., a phenomenon known as photo-bleaching [2] .
Several frameworks [3] [4] [5] [6] [7] have been recently introduced to reduce light exposure in Nyquist FTI -which senses all OPD samples in a given range -by leveraging Compressive Sensing (CS) theory [8, 9] . In [3] , a random subsampling of the mirror positions was first considered. Equivalently, [4] replaced this scheme by coding temporally the global light source in a process called Coded Illumination-FTI (CI-FTI). A Coded Aperture-FTI (CA-FTI) was recently proposed in [5, 6] by modulating spatially the illumination (e.g., using a spatial light modulator), hence allowing for different OPD coding per spatial locations, but with no spatial mixing during the acquisition.
Inspired by successful application of Single-Pixel Camera (SPC) [10] in FS experiments [11, 12] , this paper proposes a Single-Pixel FTI (SP-FTI) for HS acquisition combining space-time coded illumination (as in CI-FTI and in CA-FTI) with single-pixel acquisition. Compared to former CS FTI approaches, SP-FTI allows us to further reduce the light exposure on the observed object by improving the undersampling ratio of the complete system. This is achieved by invoking the recent concept of MultiLevel Sampling (MLS) [13] . MLS allows us to optimize the space-time light coding with respect to the sparsity in levels of FS-HS data, hence boosting HS volumes reconstruction quality in this context.
Proposed Method: SP-FTI
Acquisition model: In a simplified setting where X ∈ R Nν ×Np is the discretization of X c (see Fig. 1 ) over N ν = N ξ wavenumber samples and N p pixels, the SP-FTI measurement matrix Y ∈ R M ξ ×Mp is modeled as
where P Ω ξ ∈ {0, 1} M ξ ×N ξ is the operator extracting the M ξ := |Ω ξ | rows of a matrix indexed in Ω ξ ⊂ N ξ := {1, · · · , N ξ }, and similarly for P Ωp ∈ {0, 1}
Mp×Np with
). In SP-FTI, for a given N ξ and N p , we first activate the light source during M ξ N ξ OPD values, as shown in Fig. 1 (top-left) . In this case, Ω ξ corresponds to the indices of active OPDs. At each (active) OPD sample a coded aperture is programed M p N p times such that for every aperture pattern only a group of spatial locations of the observed object are exposed. The aperture patterns, at every OPD point, are generated according to the rows of the Hadamard matrix indexed in Ω p . A spatially coded HS light beam is then integrated into a single beam, e.g., by means of an optical collimator. Following the previous discussion, the FTI outgoing beam is the Fourier transform of the coded and integrated HS light beam. Advantages: we consider two criteria, i.e., Measurement Undersampling Ratio (MUR) and Exposure Reduction Ratio (ERR). MUR measures the reduction in the total number of measurements, MUR := M ξ M p /(N ξ N p ), while ERR quantifies the reduction of light exposure on the observed object assuming that the total acquisition time is the same for SP-FTI and Nyquist FTI. Following the structure of the Hadamard matrix, one can compute ERR = 0.5(1 + 1/M p )M ξ /N ξ . Therefore, our HS imaging system can successfully reduce both the number of measurements and the light exposure. Moreover, regarding the size of the system, as it operates on a collimated beam, SP-FTI requires small-sized mirrors and beam splitter, as opposed to the existing devices. This feature also reduces the effect of optical disturbances, such as diffraction. HS data recovery: as in any other CS applications, HS data recovery requires an accurate low-complexity prior model on the HS volume. Our observations confirm that biological HS data commonly observed in For the spectral domain, we suppose symmetric (around the DC frequency) sampling/sparsity levels with identical cardinality. For the spatial domain, we assign sparsity levels to the natural dyadic wavelet levels, also associated with dyadic bands for the sampling levels.
wavelet basis. Accordingly, a stable and robust HS data recovery can be achieved by solvinĝ
where
denotes an analysis sparsity basis associated to the spectral (resp. spatial) domain. The parameter ε must satisfy N F ≤ ε, with ε ≈ σ nyq M ξ M p giving satisfactory recovery quality with high probability. Sampling strategy: inspired by successful application of MLS [13] in [7] , our approach leverages the local sparsity structure of HS data in FS. Essentially, for a fixed integer r, we define r disjoint sampling levels
Roughly speaking, in order to reconstruct a sparse signal that is k -sparse in every th sparsity level ( P T Ψ * x 0 ≤ k ) we must reach [13] m
∞ is the multilevel coherence between sensing matrix Φ and sparsity basis Ψ. An underlying idea in MLS is to use a sparsity basis that results in a small value of θ t := min(1, r =1 µ t, (Φ, Ψ)k ) for all t ∈ r , referred here as sampling profile. Computation of µ t, and k for the Fourier/Fourier and 2-D Hadamard/Haar systems gives the values of θ illustrated in Fig. 2 . Note that the sampling strategy for the spectral and the spatial dimensions can be treated separately. Regarding the estimation of k for the spectral dimension, we applied the same approach as in [7] on a collection of 24 spectra from Alexa Fluor family [14] for finding the worst-case sparsity ratio. For the spatial dimension we used image set BBBC020 (containing 25 FS images) from the Broad Bioimage Benchmark Collection [15] . By dividing each image into 128 × 128 patches we extracted the worst sparsity ratio among 2000 different patches. The observations in Fig. 2 suggest a non-uniform sampling strategy as opposed to the (by now classical) Uniform Density Sampling (UDS) strategy [16] [17] [18] . In Sec. 3, we examine UDS and the sampling strategy demonstrated in Fig. 2 .
Numerical Results
We simulate the SP-FTI model defined in (1) from actual FTI measurements recorded at Nyquist regime (see [6] for a detailed description of the related experiment). In summary, a thin layer of a transparent cell, i.e., Convallaria, lily of the valley is observed through the FTI procedure. From the Nyquist FTI measurements of size (N ξ , N x , N y ) = (512, 128, 128) we then form SP-FTI measurements of size (M ξ , M p ) = (112, 8218), i.e., equivalent to MUR = ERR = 0.11. In Fig. 3 , we compare a recovered instance of our approach with (i) a reference HS volume X ref , recovered from Nyquist observations, and (ii) the HS volume recovered from SP-FTI measurements with UDS strategy, all volumes being recovered via (2) . As can be seen, SP-FTI combined with MLS strategy yields high quality HS volume, as opposed to the UDS strategy.
Conclusion
We presented a proof of concept for a new compressive Hyperspectral acquisition framework. Our approach includes (i) space-time illumination coding, and (ii) single-pixel imaging techniques. In SP-FTI we adapted the best illumination/aperture coding strategy, using multilevel sampling principle, suitable for FS. We obtained successful theoretical and numerical results in terms of light exposure reduction and low undersampling ratio. The latter, however, motivates us to consider the application of portable SP-FTI in airborne systems as our future work.
